We introduce a notion of oriented dialgebras and develop a cohomology theory for oriented dialgebras based on the possibility to mix the standard chain complexes computing group cohomology and associative dialgebra cohomologies. We also introduce a 1-parameter formal deformation theory for oriented dialgebras and show that cohomology of oriented dialgebras controls such deformations.
Introduction
The notion of dialgebras was introduced by J.-L. Loday while studying the periodicity phenomena in algebraic K-theory [9] . The associative dialgebras or simply dialgebras are generalizations of associative algebras, whose structure is determined by two associative operations interwined by some relations. A (co)homology theory of dialgebras using the planar binary trees has been introduced by Loday and dialgebra (co)homology with coefficients was introduced by A. Frabetti in [1] .
In a series of papers, the deformations of associative algebras was developed by Gerstenhaber [2, 3, 4, 5, 6] . Later following his theory deformations of other algebraic structures have been extensively studied in many research articles, see [12, 13] and also references there in. For every one-parameter formal deformations there is a controlling cohomology. For example, the Hochschild cohomology controls deformations of associative algebras, Chevalley-Eilenberg cohomology for Lie algebras, and Harrison cohomology for commutative algebras.
The notion of oriented algebra is introduced by Koam and Pirashvili in [8] . This new types of algebras generalize associative algebras. The authors developed a cohomology theory of oriented algebras. This cohomology is an equivariant version of Hochschild cohomology.
In the present paper, we introduce a notion of oriented dialgebra, which generalize the concept of oriented algebra. We mix standard chain complexes of group cohomology [15] and associative dialgebra cohomology [10] to develop a cohomology theory for oriented dialgebra. We show how cohomology of oriented dialgebras classifies the singular extensions of oriented dialgebras. We also introduce a one-parameter formal deformations for oriented dialgebra. We study how cohomology is related to the deformation of oriented dialgebras.
The paper is organized as folllows: In Section 2, we discuss some preliminaries of dialgebras and its representations. In Section 3, we introduce the notion of oriented dialgebra and give some examples. In Section 4, we develop the cohomology for the oriented dialgebras. In Section 5, we discuss classification of singular extensions of oriented dialgebras. In the last Section, we introduce a one-parameter formal deformations of oriented dialgebras and study how the cohomology defined in Section 4 is related to the deformation.
Preliminaries
In this section, we discuss some basics of cohomology of dialgebras which will be used later in this paper. Some references can be found in [10, 11, 9, 14] . Definition 2.1. A dialgebra over the field K, in short, is a vector space D over K together with two K-linear associative maps ⊣, ⊢ : D ⊗ D → D, called a left and a right product, satisfying the following axioms:
Associativity of ⊣ and ⊢ is same as the following axioms:
Any associative algebra (A, µ) has a dialgebra structures by defining a left and a right multiplcation as x ⊣ y = µ(x, y) = xy = x ⊢ y.
By a morphism of dialgebras D and D ′ , we mean a K-linear map f : D → D ′ which preserves both the left and the right multiplications, that is,
2.1. Cohomology of dialgebras with coefficients. Now we discuss cohomology of dialgebras with coefficients in a representation following [10] . Construction of cochain complex uses the concept of a planar binary n-tree. So first we recall some basic facts about planar binary n-tree. A planar binary n-tree is a tree with one root together with n trivalent vertices and (n + 1) leaf. The set of all planar binary n-tree is denoted by Y n and cardinality of Y n is the Catalan number c n = (2n)! n!(n+1)! . For any y ∈ Y n , we label all the n + 1 leaves by {0, 1, . . . , n} from the left to the right.
The grafting of a p-tree y 1 and a q-tree y 2 is a (p + q + 1)-tree and is denoted by y 1 ∨ y 2 , which is obtained by joining the roots of y 1 and y 2 and creating a new root from that vertex. There is a convention to denote this tree as [y 1 p + q + 1 y 2 ] in which all the zero elements are ignored except in Y 0 . With this notation we can write
We will use this notation to write the elements of Y n .
For each 0 ≤ i ≤ n, there are face and degeneracy maps on the set of n-trees Y n which satisfy almost all the axioms of a simplicial set but Y n is not a simplicial set with those face and degeneracy maps. Face maps defined by d i : Y n → Y n−1 , y → d i y, where d i y is the (n − 1)-tree obtained by removing ith leaf from y. For each 0 ≤ i ≤ n, degeneracy maps are defined by s i : Y n → Y n+1 , y → s i y, where s i y is a (n + 1)-tree obtained by bifurcating ith leaf to y. The face and degeneracy maps satisfies all the relations of simplicial set except s i s i = s i+1 s i .
A representation of a dialgebra D is a K-module M endowed with two left actions ⊣, ⊢: D ⊗ M → M and two right actions ⊣, ⊢: M ⊗ D → M satisfying the axioms of dialgebras, whenever one of the entries x, y, z ∈ M, and the others two are in D. One can easily check that D is a representation of itself where left and right actions are induced from the left multiplication and right multiplication of the dialgebra D.
Let K[Y n ] be the K-vector space spanned by the set of n-trees Y n . We denote 
The coboundary map δ n : CY n (D, M) → CY n+1 (D, M) is defined as δ n = n+1 i=0 (−1) i δ i . Note that δ • δ = 0 due to the fact that face maps d i satisfies the relation d i d j = d j−1 d i , see [9] . The cohomology of the dialgebra D with coefficients in a representation M is defined as HY n (D, M) := H n (CY * (D, M)). In this paper, we consider cohomology of dialgebras D with coeficients over itself. Thus, HY n (D, D) := H n (CY * (D, D)).
Oriented dialgebras
In this section, we introduce a notion of oriented dialgebras. We give some examples of such algebras. Definition 3.1. An orientation is a pair (G, ε), where G is a group and ε : G −→ {±1} is a group homomorphism. If such orientation is fixed, then we say that G is an oriented group.
Example 3.2.
(1) Any group G can be equipped with a trivial orientation: ε(g) = 1 for all g ∈ G.
(2) For more interesting examples, we could take (a) G = {±1} and ε = id. (b) More generally, we can take G = S n and ε(σ) = sgn(σ).
Let G be a group and ε : G → {±1} be a group homomorphism. An oriented dialgebra is a dialgebra (D, ⊣, ⊢) together with an action of G on D,
such that under this action D is a G-module and
If (D, ⊣, ⊢) is an oriented dialgebra equipped with an action of a group G on D with orientation map ε, then we say D is an oriented dialgebra over an oriented group (G, ε).
Example 3.5. Suppose (A, d) be an oriented differential associative algebra over an oriented group (G, ε), that is, A is an oriented associative algebra together with differential which is compatible with orientation. We define the left and right multiplication on A as follows-
x ⊣ y := x dy and x ⊢ y := dx y. One can easily verify that with these two operations (A, d) has an oriented dialgebra structure over (G, ε).
Example 3.6. Suppose A be an oriented algebra over an oriented group (G, ε) and M be an oriented A-bimodule. Let f : M → A be an oriented A-bimodule map. Then M can be given an oriented dialgebra structure as follows:
Definition 3.7. Let D 1 and D 2 be oriented dialgebras over an oriented group (G, ε). A homomorphism between oriented dialgebras D 1 and D 2 is a homomorphism of G-
Remark 3.8. In [14] , the author defined a notion of a finite group action on a dialgebra. Here, we first recall the definition of group action on a dialgebra D. A group G is said to act on D from the left if there is a map,
satisfying the axioms:
(1) ex = x for all x ∈ D and e is the identity of the group G.
(2) g 1 (g 2 x) = (g 1 g 2 )x for all x ∈ D and g 1 , g 2 ∈ G.
Let G be a group with ε(g) = 1 for all g ∈ G. Then G acts on D via action defined above. Thus, in this case oriented dialgebras are nothing but equivariant dialgebras. Therefore, the notion of oriented dialgebra generalize the notion of group action on a dialgebra defined in [14] .
Cohomology of oriented dialgebras
In this section, we develop a cohomology theory for oriented dialgebras using chain complexes computing associative dialgebra cohomologies [10, 11] .
If M 1 and M 2 are oriented bimodules over an oriented dialgebra D, then a linear map f :
Let D be an oriented dialgebra over an oriented group (G, ε) and let M be an oriented bimodule. For any n 0, one defines an action of G on CY n (D,
In particular, for n = 1 the action is independent on the parity of ε(g). We denote CY n (D, M) equipped with an action of G by C n (D, M).
It is easy to see that any oriented dialgebra D is a oriented bimodule over itself. In this paper, we shall consider D as a bimodule over itself.
Proof. We first prove the proposition for the case of ε(g) = +1. For x 1 , x 2 , . . . , x n ∈ D and g ∈ G, we have
. Thus, we have δ(g f ) = gδ( f ) for ε(g) = +1. Next we need to deal with ε(g) = −1.
We also have,
. This proves our proposition.
Thus, one can form the following bicomplex C * G (D, D) .
Where the coboundary maps given as following:
• The coboundary of every horizontal maps ∂ ′ is given by:
(∂ ′ α)(g 1 , . . . , g n ; y; x 1 , . . . , x n+1 ) = x 1 o y 0 α(g 1 , . . . , g n ; d 0 y; x 2 , . . . , x n+1 ) + 1≤i≤n (−1) i α(g 1 , . . . , g n ; d i y; a 1 , · · · , x i o y i x i+1 , . . . , x n+1 )
. . , g n ; d n+1 y; x 1 , . . . , x n )o y n+1 x n+1 . • The coboundary of the first vertical maps is given by: . . . , g i g i+1 , . . . , g n+1 ) + (−1) n+1 f (g 1 , . . . , g n ).
• The coboundary of the second vertical maps when ε(g) = ±1 is given by:
(∂ ′′ β)(g 1 , . . . , g n+1 ; y; x) = g 1 β(g 2 , . . . , g n+1 ; y; g −1 1 x)
(−1) i β(g 1 , . . . , g i g i+1 , . . . , g n+1 ; y; x) . . . , g n ; y; x).
• The coboundary of the third vertical maps when ε(g) = +1 is given by: . . . , g i g i+1 , . . . , g n+1 ; y; x 1 , x 2 ) . . . , g n ; y; x 1 , x 2 ).
• The coboundary of the third vertical maps when ε(g) = −1 is given by:
. . , g n ; y; x 1 , x 2 ).
We will also need the following double complexC * G (D, D) which is obtained by deleting the first column and reindexing.
. . . . . . . . . Observe
The pair (α, β) satisfy the following conditions:
Note that β is a 2-cocycle of the dialgebra cohomology defined in [10] . Moreover,
We denote β([2 1]; x 1 , x 2 ) = β l (x 1 , x 2 ) and β([1 2]; x 1 , x 2 ) = β r (x 1 , x 2 ). Now using this notation we can rewrite the Equation 3 as follows:
For ε(g) = +1, substitute g −1 x 1 = y 1 , g −1 x 2 = y 2 and for ε(g) = −1, substitute g −1 x 1 = y 2 , g −1 x 2 = y 1 in Equations 4 and 5, we get, gy 1 ⊣ α(g, gy 2 ) − α(g, gy 1 ⊣ gy 2 ) + α(g, gy 1 ) ⊣ gy 2 (6) =        β l (gy 1 , gy 2 ) − gβ l (y 1 , y 2 ), if ε(g) = +1, β l (gy 2 , gy 1 ) − gβ l (y 1 , y 2 ), if ε(g) = −1, and gy 1 ⊢ α(g, gy 2 ) − α(g, gy 1 ⊢ gy 2 ) + α(g, gy 1 ) ⊢ gy 2 (7) =        β r (gy 1 , gy 2 ) − gβ r (y 1 , y 2 ), if ε(g) = +1, β r (gy 2 , gy 1 ) − gβ r (y 1 , y 2 ), if ε(g) = −1.
Classification of singular extensions of oriented dialgebras
It is a well-known fact that the second Hochschild cohomology classifies the singular extensions of associative algebras. Here we obtain a similar result for oriented dialgebras.
Definition 5.1. Let D be an oriented dialgebra over an oriented group (G, ε). Moreover, let D be an oriented bimodule over itself. A singular extension of D by D is a K-split short exact sequence of G-modules
where B is also an oriented dialgebra over (G, ε). Furthermore, p and i are homomorphisms of oriented dialgebras such that 1  G (D, D) .
Theorem 5.2. Let D be an oriented dialgebra over an oriented group (G, ε). Moreover, let D be an oriented bimodule over itself. Then, there is one-to-one correspondence between equivalence classes of extensions of D by D andH
Proof. Let us start with a singular extension as above. To simplify the notation we will assume that D is a submodule of B and i(x) = x. Choose a linear map s :
We claim that (α, β) ∈Z 1 G (D, D). Note that β is a 2-cocycle of the dialgebra cohomology defined in [10] . Next, we have
To obtain the remaining equations, we have to consider two cases. If ε(g) = +1 we have form Equation (8) s(
and from Equation (9) we also have
Comparing these expression we see that
Similarly, if ε(g) = −1 and from Equation (8) we have
and from (9) we also have
In a similar way for y = [1 2] and ε(g) = 1, we have
and for ε(g) = −1, we have
Hence, we showed that in fact (α, β) ∈Z 1 G (D, D) . Conversely, starting with (α, β) ∈Z 1 G (D, D) one can define B = D ⊕ D where the multiplication and action is given by (x 1 , y 1 ) ⊣ (x 2 , y 2 ) = (x 1 ⊣ y 2 + y 1 ⊣ x 2 + β l (y 1 , y 2 ), y 1 ⊣ y 2 ), (x 1 , y 1 ) ⊢ (x 2 , y 2 ) = (x 1 ⊢ y 2 + y 1 ⊢ x 2 + β r (y 1 , y 2 ), y 1 ⊢ y 2 ), and g(x, y) = (gx − α(g, gy), gy).
We claim that B satisfies all properties of oriented dialgebra and defines an extension. Since β is a 2-cocycle, then B is clearly a dialgebra. So we only to check the equality (3) . There are two cases to consider ε(g) = +1 and ε(g) = −1. Firstly, we deal with the case when y = [2 1] and ε(g) = +1. We have g((x 1 , y 1 ) ⊣ (x 2 , y 2 )) = g(x 1 ⊣ y 2 + y 1 ⊣ x 2 + β l (y 1 , y 2 ), y 1 ⊣ y 2 ) = (gx 1 ⊣ gy 2 + gy 1 ⊣ gx 2 + gβ l (y 1 , y 2 ) − α(g, gy 1 ⊣ gy 2 ), gy 1 ⊣ gy 2 ), and g(x 1 , y 1 ) ⊣ g(x 2 , y 2 ) = (gx 1 − α(g, gy 1 ), gy 1 ) ⊣ (gx 2 − α(g, gy 2 ), gy 2 ) = (gx 1 ⊣ gy 2 − α(g, gy 1 ) ⊣ gy 2 + gy 1 ⊣ gx 2 − gy 1 ⊣ α(g, gy 2 ) + β l (gy 1 , gy 2 ), gy 1 ⊣ gy 2 ).
Therefore, using Equation (6) in the last equation, we get g((x 1 , y 1 ) ⊣ (x 2 , y 2 )) = g(x 1 , y 1 ) ⊣ g(x 2 , y 2 ).
Next, we deal with the second case when y = [2 1] and ε(g) = −1. We have g((x 1 , y 1 ) ⊣ (x 2 , y 2 )) = g(x 1 ⊣ y 2 + y 1 ⊣ x 2 + β l (y 1 , y 2 ), y 1 ⊣ y 2 )
= (gy 2 ⊣ gx 1 + gx 2 ⊣ gy 1 + gβ l (y 1 , y 2 ) − α(g, gy 2 ⊣ gy 1 ), gy 2 ⊣ gy 1 ) and g(x 2 , y 2 ) ⊣ g(x 1 , y 1 ) = (gx 2 − α(g, gy 2 ), gy 2 ) ⊣ (gx 1 − α(g, gy 1 ), gy 1 ) = (gx 2 ⊣ gy 1 − α(g, gy 2 ) ⊣ gy 1 + gy 2 ⊣ gx 1 − gy 2 ⊣ α(g, gy 1 ) + β l (gy 2 , gy 1 ), gy 2 ⊣ gy 1 ).
Therefore, using Equation (6) in the last equation it follows that g((x 1 , y 1 ) ⊣ (x 2 , y 2 )) = g(x 2 , y 2 ) ⊣ g(x 1 , y 1 ).
Similar computations for y = [1 2] gives g((x 1 , y 1 ) ⊢ (x 2 , y 2 )) = g(x 1 , y 1 ) ⊢ g(x 2 , y 2 ).
g((x 1 , y 1 ) ⊢ (x 2 , y 2 )) = g(x 2 , y 2 ) ⊢ g(x 1 , y 1 ). Hence, B = D ⊕ D is an oriented dialgebra. Now we define maps i : D → D ⊕ D and p : D ⊕ D → D as follows:
It is easy to check that i and p satisfies all the conditions of the definition of singular extensions. Thus, one obtains an inverse map from the cohomology to extensions.
One-parameter formal deformations of oriented dialgebras
In this final section, we introduce a one-parameter formal deformations of oriented dialgebras. In this section, we consider the field K of characteristics 0. We discuss how deformation is related to the cohomology of oriented dialgebras. 
are formal power series such that (1) m l i , m r i ∈ Hom(D ⊗ D, D) and φ i ∈ Maps(G, Hom(D, D)) for all i ≥ 0. (2) m l 0 (y 1 , y 2 ) = y 1 ⊣ y 2 , m r 0 (y 1 , y 2 ) = y 1 ⊢ y 2 , and φ 0 (g, x) = gx for all x, y 1 , y 2 ∈ D.
For all n ≥ 0, expanding and equating the coefficients of t n from both sides of equation (4) in the above definition, we have
Similarly for all n ≥ 0, expanding and equating the coefficients of t n from both sides of equation (5) in the above definition, we have i+ j=n
In particular, for n = 1, we have
and φ 0 (g, m l 1 (y 1 , y 2 )) + φ 1 (g, m l 0 (y 1 , y 2 )) =
m l 1 (φ 0 (g, y 1 ), φ 0 (g, y 2 )) + m l 0 (φ 1 (g, y 1 ), φ 0 (g, y 2 )) +m l 0 (φ 0 (g, y 1 ), φ 1 (g, y 2 )) if ε(g) = +1, m l 1 (φ 0 (g, y 2 ), φ 0 (g, y 1 )) + m l 0 (φ 1 (g, y), φ 0 (g, x)) +m l 0 (φ 0 (g, y 2 ), φ 1 (g, y 1 )) if ε(g) = −1.
(17) φ 0 (g, m r 1 (y 1 , y 2 )) + φ 1 (g, m r 0 (y 1 , y 2 )) =
m r 1 (φ 0 (g, y 1 ), φ 0 (g, y 2 )) + m r 0 (φ 1 (g, y 1 ), φ 0 (g, y 2 )) +m r 0 (φ 0 (g, y 1 ), φ 1 (g, y 2 )) if ε(g) = +1, m r 1 (φ 0 (g, y 2 ), φ 0 (g, y 1 )) + m r 0 (φ 1 (g, y 2 ), φ 0 (g, y 1 )) +m r 0 (φ 0 (g, y 2 ), φ 1 (g, y 1 )) if ε(g) = −1.
gm r 1 (y 1 , y 2 ) + φ 1 (g, y 1 ⊢ y 2 ) =
m r 1 (gy 1 , gy 2 ) + (φ 1 (g, y 1 ) ⊢ gy 2 ) +(gy 1 ⊣ φ 1 (g, y 2 )) if ε(g) = +1, m r 1 (gy 2 , gy 1 ) + (φ 1 (g, y 2 ) ⊢ gy 1 ) +(gy 2 ⊢ φ 1 (g, y 1 )) if ε(g) = −1. For n = 1, we have a notion of an infinitesimal of the deformation. The pair (m 1 , θ 1 ) is called the infinitesimal of the deformation of oriented dialgebra. Proof. We rewrite the Equations (16), (17), (18) using the Definition of θ 1 and get the following equations: θ 1 (g 1 g 2 , g 1 g 2 x) = g 1 θ 1 (g 2 , g 2 x) + θ 1 (g 1 , g 1 g 2 x). (19) gm l 1 (y 1 , y 2 ) − θ 1 (g, gy 1 ⊣ gy 2 ) =
m l 1 (gy 1 , gy 2 ) − (θ 1 (g, gy 1 ) ⊣ gy 2 ) −(gy 1 ⊣ θ 1 (g, gy 2 )) if ε(g) = +1, m l 1 (gy 2 , gy 1 ) − (θ 1 (g, gy 2 ) ⊣ gy 1 ) −(gy 2 ⊣ θ 1 (g, gy 1 )) if ε(g) = −1.
(20) gm r 1 (y 1 , y 2 ) − θ 1 (g, gy 1 ⊢ gy 2 ) =
m r 1 (gy 1 , gy 2 ) − (θ 1 (g, gy 1 ) ⊢ gy 2 ) −(gy 1 ⊣ θ 1 (g, gy 2 )) if ε(g) = +1, m r 1 (gy 2 , gy 1 ) − (θ 1 (g, gy 2 ) ⊢ gy 1 ) −(gy 2 ⊢ θ 1 (g, gy 1 )) if ε(g) = −1.
(21)
Comparing Equations (2), (6), (7) to the Equations (19), (20), (21), we can say that (m 1 , θ 1 ) is a 1-cocycle inH 1 G (D, D). Definition 6.4. Suppose m l i = 0, m r i = 0 and φ i = 0 for all 0 < i < n. Then (m n , θ n ) is called the nth infinitesimal of the deformation.
Similar to the Theorem 6.3, we have the following theorem, Theorem 6.5. The nth infinitesimal of an oriented dialgebra deformation is a 1-cocycle inH 1 G (D, D).
Now we discuss the rigidity of the oriented dialgebra deformations. Definition 6.6. Two oriented dialgebra deformations (m l 1 ψ i (m l 2 j (y 1 , y 2 )) = i+ j+k=n m l 1 i (Ψ j (y 1 ), Ψ k (y 2 )), (22) i+ j=n ψ i (m r 2 j (y 1 , y 2 )) = i+ j+k=n m r 1 i (Ψ j (y 1 ), Ψ k (y 2 )).
Similarly for all n ≥ 0, expanding and equating the coefficients of t n from both sides of equation (5) in the above definition, we have i+ j=n ψ i (φ 2 j (g, x)) = i+ j=n φ 1 i (g, ψ j (x)) (24)
